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1.
Introduction. This paper continues, and in some sense completes our study of circle maps with break points in [5] . Let T f be an orientation preserving homeomorphism of the circle S 1 ≡ R/Z with lift f : R → R, f continuous, strictly increasing and f (x + 1) = f (x) + 1,x ∈ R. The circle homeomorphism T f is then defined by T f x = f (x) (mod 1), x ∈ S 1 , x ≡x + Z withx ∈ [0, 1). If T f is a circle diffeomorphism with irrational rotation number ρ = ρ(f ) and logDf is of bounded variation, then T f is conjugate to the pure rotation T ρ , that is, there exists an essentially unique homeomorphism T ϕ of the circle with
This classical result of Denjoy [3] can be extended to circle homeomorphisms with break points. The exact statement of the corresponding theorem will be given later.
It is well known, that circle homeomorphisms T f with irrational rotation number ρ admit a unique T f -invariant probability measure µ f . Since the conjugating map T ϕ and the invariant measure µ f are related by T ϕ x = µ f ([0, x]) (see [2] ), regularity properties of the conjugating map T ϕ imply corresponding properties of the density of the absolutely continuous invariant measure µ f . This problem of smoothness Theorem 1.
(Herman) A PL circle homeomorphism with two break points and irrational rotation number ρ has an invariant measure absolutely continuous with respect to Lebesgue measure if and only if its break points lie on the same orbit.
Invariant measures of general class P-homeomorphisms with one break point have been studied by Dzhalilov and Khanin in [4] . Their properties are quite different from the ones for C 2+ε diffeomorphisms. The main result in [4] is the following: I. Liousse got in [12] the same result for "generic" PL circle homeomorphisms with several break points and with irrational rotation number of bounded type. In a next step Dzhalilov and I. Liousse studied in [5] a class of circle homeomorphisms with two break points. Their result is the following: Theorem 1.3. Let T f be a class P-homeomorphism satisfying the following conditions:
Then the T f -invariant probability measure µ f is singular with respect to Lebesgue measure.
In the present paper we study circle homeomorphisms T f with two break points whose rotation number ρ f is not necessary of bounded type. The main purpose of the paper is to prove the following: Theorem 1.4. Let T f be a class P-homeomorphism satisfying the following conditions:
(a) the rotation number
Remark 1.
Obviously condition (c) is weaker than a Lipschiz condition on Df . If T f has two break points on the same orbit then our Theorem 1.4 sharpens Theorem
The smoothness condition (c) on T f in Theorem1.4 we call the KatznelsonOrnstein (KO) condition.
Consider then a circle homeomorphism T f with two break points a b , c b which satisfies the (KO) condition and whose jump ratios fulfill σ f (a b ) · σ f (c b ) = 1. If the break points of T f lie on the same orbit and the rotation number ρ f is irrational of bounded type, then the T f −invariant measure is absolutely continuous with respect to Lebesgue measure ( see [5] ).
The second main result of this paper concerns circle homeomorphisms with two break points not lying on the same orbit. The main analytic tool for proving Theorems 1.4 and 1.5 are cross-ratios. This technique has been introduced in [18] for discussing real analytic circle homeomorphism with critical points. Recently it has been used by Teplinsky and Khanin ( see [11] , [17] ) for establishing a sharp version of Hermann's Theorem and by Navas in the context of group actions on the circle ( [15] ). One can expect that this technique will play an important role in the future for handling circle homeomorphisms with singularities. The properties of invariant measures of circle homeomorphisms with two break points satisfying the condition σ f (a b ) · σ f (c b ) = 1 and with rotation number of unbounded type are not yet known.
2. Preliminaries and Notations. Let T f be an orientation preserving homeomorphism of the circle with lift f and irrational rotation number ρ = ρ f . We denote by {k n , n ∈ N} the sequence of entries in the continued fraction expansion
For an arbitrary point x 0 ∈ S 1 define ∆ 
It is well known from the work of Denjoy, that the set ξ n (x 0 ) of intervals with mutually disjoint interiors defined as
determines a partition of the circle for any n. The partition ξ n (x 0 ) is called the n-th dynamical partition of the point x 0 with generators ∆ (n−1) 0
) is a refinement of the partition ξ n (x 0 ): indeed the intervals of order n are members of ξ n+1 (x 0 ) and each interval ∆
Recall the following definition introduced in [8] :
It is known that the interval (τ, t) is q n -small if, depending on the parity of n, 
Then for any 0 ≤ k < q n the following inequality holds:
wherex,ỹ are the representative points of x, y in the interval [0, 1) .
Proof. Take any two q n -close points x, y ∈ S 1 and 0 ≤ k ≤ q n − 1. Denote by I the open interval with endpoints x and y. Because the intervals T i f (I), 0 ≤ i < q n are disjoint, we obtain
from which inequality (2) follows immediately.
The following Lemma, which can be proven easily using the assertion of Lemma 2.2, plays a key role for studying metrical properties of the homeomorphism T f : Lemma 2.3. Let T f be a P-homeomorphism with a finite number of break points z (i) , i = 1, 2, ..., m, and irrational rotation number ρ. If x 0 ∈ S 1 , n ≥ 1 and
Inequality (3) is called the Denjoy inequality. The proof of Lemma 2.3 is as for circle diffeomorphisms (see for instance [9] ). Using Lemma 2.3 it can be shown that the intervals of the dynamical partition ξ n (x 0 ) in (1) have exponentially small length . Indeed one finds
From Corollary 1 it follows that the trajectory of every point x ∈ S 1 is dense in S
1 . This together with monotonicity of the homeomorphism T f implies the following
Theorem 2.4. Suppose that a homeomorphism T f satisfies the conditions of Lemma 2.3.Then T f is topologically conjugate to the linear rotation T ρ .
Remember that homeomorphisms T f of the circle satisfying the conditions of Lemma 2.3 are ergodic with respect to the Lebesgue measure , i.e. every T finvariant set has full or vanishing measure (see [7] ). In the following discussion we have to compare different intervals. For this we use 3. The Cross-ratio Tools. Let us first recall two definitions:
with respect to a strictly increasing function f on R is defined as
k . Consider a circle homeomorphism T f with lift f . We define the cross-ratio distortion of (z 1 , z 2 , z 3 , z 4 ) with respect to T f by
It is well known that for
Next we will estimate Dist(z 1 , z 2 , z 3 , z 4 ; T f ) for circle homeomorphisms T f satisfying the conditions of Theorem 1.4. Fix an arbitrary ε > 0. Since D 2 f is a periodic function on R with period 1 and hence
with g ε (x) and θ ε (x) periodic functions on R with period 1, and g ε (x) a continuous function on 
where the constant C 1 > 0 depends only on the function f and
and consider its lifted vector (ẑ 1 ,ẑ 2 ,ẑ 3 ,ẑ 4 ). The following identities are easy to check:
Using these identities we obtain:
and
To continue the proof of Theorem 3.3 we need the following 
where
Proof. We prove only the identity for A(a, b) , the one for B(a, b) is quite similar.
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Using this and the bound (Df (x)) −1 ≤ 2 M 1 we conclude
To get finally the estimate (8) for G 1 (a, b) , it is sufficient to estimate the difference
2Df (a) dy. Using the definition of A(a, b) and the representation (5) we obtain:
This together with estimate (9) proves estimate (8) for G 1 (a, b) in Lemma 3.4.
We can now finish the proof of Theorem 3.3. Equation (7) and the formulas for A(a, b) and B(a, b) in Lemma 3.4 imply: 
Using next the bound (8) for the intervals [ẑ
where the constant
it is easy to check, that
Df+(x b ) the jump ratio of T f at the point x b . Hence we get (12) in the same way we find
For the functions r 1 (x b ,ẑ 1 ,ẑ 2 ) and r 2 (x b ,ẑ 1 ,ẑ 3 ) the following estimates hold
This together with equations (12) and (13) shows
with ξ and z as defined in (10) and where the constant K 2 > 0 is depending only on the function f . Since the interval [ẑ 2 ,ẑ 4 ] does not contain the break pointx b , it can easily be shown that
where also the constant K 3 > 0 depends only on f . This inequality and the bounds (14) and (15) imply Lemma 3.5. 
where η =ẑ
and the constant K 4 > 0 depends only on the function f . 
Then for any
The strategy for proving that the invariant measure of T f is singular with respect to Lebesgue measure, is to construct a quadruple of points z i , i = 1, 2, 3, 4, for which the above distortion control is violated.
Suppose now Dϕ(x 0 ) = ω > 0 for some pointx 0 ∈ (0, 1). Consider the n− th dynamical partition ξ n (x 0 ) for the corresponding point x 0 ∈ S 1 under the homeomorphism T f . Assume w.l.o.g. n to be odd. Then ∆ Define next for x > 0 and 0 ≤ t ≤ 1 the functions G(x) and F (x, t) as
The next result shows via a Denjoy-like argument that the distortion outside the breakpoints is controlled by the jumps at these points: 
, where
for either r = l or r = p. 2, 3, covering the break points a b , c b regularly with constants C 0 and ζ 0 the following inequalities hold:
Lemma 2.2 implies the following inequalities
The next Lemma will show the existence of a quadruple of points z 1 , z 2 , z 3 , z 4 for which the distortion control in ( 17) is indeed violated as we will see. After these preparations we can now proceed to the proof of Theorem 1.4.
Proof of Theorem 1.4. Let T f be a circle homeomorphism satisfying the conditions of Theorem 1.4. Since ρ f is irrational, the T f -invariant measure µ f is nonatomic i.e. every one point subset of the circle has zero µ f -measure. The conjugating map T ϕ , related to µ f by T ϕ x = µ f ([0, x]) for x ∈ S 1 , is given by a continuous and monotone increasing function ϕ on R. Hence T ϕ has a finite derivative almost everywhere (w.r.t. Lebesgue measure) on the circle. We show that Dϕ(x) = 0 at all pointsx at which the derivative is defined. 
where the constant C 2 > 0 does not depend on ε and n. But this contradicts This yields the following inequalities for s = 1, 2, 3:
respectively for s = 1, 2.
Conditions (a) and (b) of Lemma 4.1 on the other hand imply
where the constant K 1 > 0 depends on R 1 but not on ε. 
